We investigate generalized interacting dark matter-dark energy scenarios with a time-dependent coupling parameter, allowing also for freedom in the neutrino sector. The models are tested in the phantom and quintessence regimes, characterized by an equation of state wx < −1 and wx > −1, respectively. Our analyses show that for some of the scenarios the existing tensions on the Hubble constant H0 and on the clustering parameter S8 can be significantly alleviated. The relief is either due to (a) a dark energy component which lies within the phantom region; or (b) the presence of a dynamical coupling in quintessence scenarios. The inclusion of massive neutrinos into the interaction schemes does not affect neither the constraints on the cosmological parameters nor the bounds on the total number or relativistic degrees of freedom N eff , which are found to be extremely robust and, in general, strongly consistent with the canonical prediction N eff = 3.045. The most stringent bound on the total neutrino mass Mν is Mν < 0.116 eV and it is obtained within a quintessence scenario in which the matter mass-energy density is only mildly affected by the presence of a dynamical dark sector coupling.
INTRODUCTION
Cosmological models where a non-gravitational interaction between the dark fluids of the universe, dark matter and dark energy, are still a very appealing and interesting solution to the so-called why now? problem. Early models were based on coupled quintessence scenarios [1, 2, 3, 4, 5, 6, 7] , while more recent phenomenological approaches have adopted a number of possible parametrizations of the energy exchange rate, see e.g. [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48] . Following our pioneering previous work [49] we shall consider here a time-dependent coupling in non-minimal cosmologies. Given the fact that neutrinos can play a nonstandard role within non-minimal dark energy scenarios [50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60] , we extend our previous analyses by inspecting the impact of neutrino properties within interacting cosmologies with a time-dependent coupling. We also generalize the work of Ref. [49] with the inclusion of a constant dark energy state parameter that may freely vary in a certain region. This picture also entails the case of a coupling parameter that remains constant in cosmic time. For our analyses we have assumed that our universe is homogeneous and isotropic, that is, its geometry is well described by the Friedmann-Lemaître-Robertson-Walker line element.
In order to perform robust statistical analyses, we shall make use of various cosmological datasets such as the Cosmic Microwave Background radiation, Baryon Acoustic Oscillation distance measurements, and, finally, a local measurement of the Hubble constant from the Hubble Space Telescope.
The manuscript has been organized as follows: In Sec. 2 we briefly introduce the gravitational equations for the two interacting dark fluids. Section 3 describes the observational data, methodology and the priors imposed on the cosmological parameters. Section 4 presents the current observational constraints on the interacting cosmic scenarios considered here. Section 5 contains our main conclusions.
INTERACTING DARK SECTORS: GRAVITATIONAL EQUATIONS
Observations suggest that at large scales, our universe is homogeneous and isotropic and therefore well described by the Friedmann-Lemaître-Robertson-Walker (FLRW) line element ds 2 = −dt 2 + a 2 (t) dr 2 1 − κr 2 + r 2 dθ 2 + sin 2 θdφ 2 ,
where a(t) is the expansion scale factor of the universe and (t, r, θ, φ) are the co-moving coordinates. Having specified the metric of the underlying geometry of our universe, we assume in the following that the gravitational sector of the universe is described by General Relativity, the matter sector is minimally coupled to gravity, and, finally, that there is a non-gravitational interaction arXiv:2003.12552v1 [astro-ph.CO] 27 Mar 2020 between the dark sectors of the universe, namely, between the pressureless dark matter (DM) and the dark energy (DE) fluids:ρ
where H ≡ȧ/a is the Hubble rate of the FLRW universe; ρ c (p c ), ρ x (p x ) are the energy density (pressure) for DM and DE respectively (albeit the DM fluid, being pressureless here, has p c = 0), w x = p x /ρ x denotes the barotropic DE equation of state parameter (assumed here to be constant) and, finally, Q determines the interaction rate between DM and DE. In general, when a specific form of the interaction rate is given, one can solve either analytically or numerically the background evolution for ρ c and ρ x . We shall explore here the (time-dependent) interaction models of Ref. [49] :
where ξ(a) is a time-dependent dimensionless coupling parameter. Similar to our earlier work [49] , we keep the parametrization of ξ(a) as follows
where ξ 0 and ξ a are real constants. Finally, based on the stability criteria of the perturbation evolution [12, 13] , we shall classify the models as
for the IDE1 case, and, equivalently,
for the IDE2 model, where p and q in IDEp and IDEq stand for phantom and quintessence regimes, respectively.
OBSERVATIONAL DATA AND METHODOLOGY
In the following we briefly describe the cosmological data sets used in this work.
• Cosmic Microwave Background (CMB): our default data set is the one containing the latest CMB temperature and polarization measurements from the final 2018 Planck legacy release [61, 62, 63] .
• Baryon Acoustic Oscillations (BAO): we make use of several BAO measurements from different cosmological observations, as considered by the Planck collaboration [61] : 6dFGS [64] , SDSS-MGS [65] , and BOSS DR12 [66] surveys.
• Hubble constant Gaussian prior (R19): we assume a Gaussian prior on the Hubble constant, in agreement with that obtained by the SH0ES collaboration in 2019, i.e. H 0 = 74.03 ± 1.42 km/s/Mpc at 68% CL [67] .
For the analysis of the cosmological data, we adopt a fiducial model described by nine cosmological parameters. In particular, we vary the six parameters of the standard ΛCDM model, i.e. the baryon energy density Ω b h 2 , the cold dark matter energy density Ω c h 2 , the ratio between the sound horizon and the angular diameter distance at decoupling 100θ M C , the reionization optical depth τ , the spectral index n s and the amplitude of the scalar primordial power spectrum A s . In addition we vary the three parameters of the dark sector physics considered here, i.e. the DE equation of state w x and the strength of the coupling, parametrized by ξ 0 and ξ a , see Eq. (6). The parameter space will therefore be described by:
As aforementioned, the stability of the perturbation evolution restricts the IDE scenarios to two phantom cases (w x < −1) (IDE1p, Eq.(7) and IDE2p, Eq.(9)) with ξ 0 < 0 and ξ a < 0 and two quintessence regimes (w x > −1) (IDE1q, Eq.(8) and IDE2q, Eq.(10)) with ξ 0 > 0 and ξ a > 0. Table I lists the priors on all the parameters considered in this work.
We shall also consider an enlarged cosmological scenario with eleven parameters, allowing the sum of the neutrino masses M ν and the number or relativistic degrees of freedom N eff to freely vary (IDE + M ν + N eff ): (12) and also in this case we will have four cases, depending on the scenario of IDE considered and on the phantom or quintessence regime, i.e. IDE1p, IDE1q, IDE2p and IDE2q, respectively.
To derive the constraints on the cosmological parameters we shall use a modified version with models IDE1 and IDE2 implemented of the publicly available Markov Chain Monte Carlo code CosmoMC [68, 69] package. This version supports the new 2018 Planck likelihood [63] and uses a convergence diagnostic following the Gelman-Rubin criteria [70] . 
RESULTS

IDE1
In the following we shall show the results obtained for the IDE1 scenario presented in Eq. (4), both in the phantom and in the quintessence regimes, and with and without varying the neutrino sector.
IDE1p
The results for the IDE1 model in the phantom regime, i.e. with w x < −1, ξ 0 < 0 and ξ a < 0 are reported in Tab. II and Fig. 1 .
For an interacting dark energy with a phantom-like equation of state, the CDM energy density Ω c h 2 is larger than in the ΛCDM model, provided the energy transfer is from the DE to the DM sector [59, 71] . Furthermore, due to the strong degeneracy between w x and H 0 , see Fig. 1 , the Hubble constant is almost unconstrained for CMB only data. The well known H 0 tension is strongly alleviated within this model. While ξ 0 has only lower limit for all the combinations of data considered here, being therefore consistent with a vanishing interaction at present, we find ξ a different from zero at one standard deviation for the CMB only (ξ a = −0.077 +0.064 −0.032 at 68% CL) and for the CMB+R19 (ξ a = −0.077 +0.059 −0.037 at 68% CL) cases. A very interesting feature of this model is the strong evidence for a phantom-like equation of state w x < −1 for all the data combinations, with a statistical significance increasing from 1σ for the CMB only case (w x = −1.80 +0. 49 −0.39 at 68% CL), to about 2σ for CMB+BAO. Finally, the S 8 parameter moves towards lower values for the CMB only case, enough to bring it in agreement with the cosmic shear experiments DES [73, 74] , KiDS-450 [75, 76, 77] , CFHTLenS [78, 79, 80] , or the combination of KiDS+VIKING-450 and DES-Y1 [81] , i.e. S 8 = 0.789 ± 0.037 at 68% CL. However, when the BAO or the R19 priors are added to the CMB, the S 8 values are increased, restoring the tension at more than 3 standard deviations.
The results for the IDE1 model in the phantom regime with the addition of the neutrino parameters, i.e. M ν and N eff , are shown in Tab. III and Fig. 2 .
The constraints from the previous section on the cosmological parameters and their correlations (IDE1p) are barely affected by allowing M ν and N eff to freely vary simultaneously. In particular, Ω c h 2 is larger than in ΛCDM model and the Hubble constant tension with R19 is solved within 3σ even when BAO data are included. Also in this case ξ 0 has just a lower limit and is consistent with zero, while ξ a is different from zero at one standard deviation for the CMB only (ξ a = −0.081 +0.060 −0.037 at 68% CL) and CMB+R19 (ξ a = −0.087 +0.055 −0.048 at 68% CL) cases, but consistent with zero when BAO data are included.
The indication for a phantom equation of state w x < −1 is instead present for all the dataset combinations with a statistical significance always larger two standard deviations, even for the CMB only case. The neutrino sector parameters M ν and N eff are mostly uncorrelated with the other cosmological parameters, with the exception of w x that strongly anti-correlates with the total neutrino mass. The preference for w x < −1 is therefore the reason for the much weaker upper limits on M ν with respect to the same combinations of data within a ΛCDM model [53] . The most stringent limit we find on the sum of the neutrino masses is when adding BAO data to the CMB, i.e. M ν < 0.162 eV at 95% CL.
Regarding the constraints on the effective number of relativistic degrees of freedom N eff , these are completely unaffected by the inclusion of the interaction ξ(a): in this scenario N eff is always consistent with its expected value of 3.045 [82, 83] .
IDE1q
The results for the IDE1 model in the quintessence regime, Eq. (8), are reported in Tab. IV and Fig. 3 .
For an interacting dark energy with a quintessence-like equation of state, the CDM energy density Ω c h 2 is always smaller than in a ΛCDM model: indeed, only an upper limit for this cosmological parameter is found [59, 71, 72] . The most interesting feature of this IDE1q scenario is that, even if the well-known anti-correlation between w x and H 0 is present, see Fig. 3 , the positive correlation between ξ 0 and H 0 shifts the Hubble constant towards higher values, solving the H 0 tension within 1σ for the CMB only case (H 0 = 70.2 +4.1 −3.1 km/s/Mpc at 68% CL). Contrarily to the IDE1p case, in this IDE1q scenario the value of ξ 0 , i.e. the interaction today, is found to be different from zero at low (high) significance for the CMB (CMB+R19) data. While for the CMB only and the CMB+R19 cases only an upper limit on w x is found, an indication at 1σ for w x > −1 appears for CMB+BAO (w x = −0.895 +0.040 −0.093 at 68% CL). In this scenario, the S 8 parameter moves towards larger values, however the error bars are very large, enabling an agreement with cosmic shear experiments. The results for the IDE1 model in the quintessence regime extended to include the neutrino parameters are shown in Tab. V and Fig. 4 .
Similarly to the phantom case, both the constraints on the cosmological parameters and the correlations presented above are robust and are not affected by the introduction of the neutrino parameters M ν and N eff . As in the previous section, ξ 0 is found to be different from zero at one standard deviation for the CMB only dataset (ξ 0 = 0.137 +0.087 −0.089 at 68% CL), at several standard deviations for CMB+R19, and it has just an upper limit for the CMB+BAO case. In this extended scenario ξ a is always consistent with zero, as well as w x is consistent with −1 at 95% CL for all the data combinations.
Also in this case the only important correlation between the neutrino sector and the remaining cosmological parameters is the one present between M ν and w x . However, in this quintessence regime, the CMB only upper limit on M ν is stronger than the one found in the phantom regime (see Ref. [53] ), and including the R19 prior this upper bound becomes even stronger (M ν < 0.221 eV at 95% CL). The most stringent limit we find on the sum of the neutrino masses is when adding BAO data to the CMB, i.e. M ν < 0.189 eV at 95% CL.
Finally, in this extended scenario (as in the phantom one), the constraints on the effective number of relativistic degrees of freedom N eff are completely consistent with its canonical value N eff = 3.045 for all the data combinations.
IDE2
In the following we shall show the bounds on the cosmological parameters obtained for the IDE2 scenario, see Eq. (5), both in the phantom and in the quintessence regimes, and with and without varying the neutrino sector.
IDE2p
The results for the IDE2 model in the phantom regime are reported in Tab. VI and Fig. 5 .
In the IDE2 model the interaction rate depends on both the cold dark matter density and the dark energy density. For this reason the flux of energy in the dark sector, from DE to DM and vice versa, can change with time. In this scenario, the bound on the cold dark matter energy density Ω c h 2 is in perfect agreement with that obtained within a ΛCDM model, as we can notice from Tab. VI. The well-known negative correlation present between w x and H 0 when w x is in the phantom regime (see Fig. 5 ) shifts the Hubble constant towards very larger values. The H 0 tension is then reduced within three standard deviations for all the combination of data sets considered in this work.
Both the interaction parameters ξ 0 and ξ a have only a lower limit for all the dataset combinations at 68% CL and are consistent with zero, i.e. consistent with a model without interaction, as we notice from Tab. VI. A strong evidence for a phantom equation of state w x < −1 is present at more than 2σ for the CMB only case, and at many standard deviations for the CMB+R19 combination. However, this is not the case for CMB+BAO data. In this scenario IDE2p, the S 8 value shifts down enough to solve the tension with the cosmic shear experiments for all the data combinations considered here.
IDE2p + Mν + N eff
The results for the IDE2 model within the phantom regime with the addition of the neutrino parameters, i.e. M ν and N eff , are shown in Tab. VII and Fig. 6 .
As in the IDE1 model, the results from the previous section are not modified significantly with the introduction of M ν and N eff as extra parameters. Indeed, in this scenario the bound on Ω c h 2 is really robust, shifted only one standard deviation towards lower values with respect to the case in which the neutrino parameters are fixed, but still in agreement with what obtained in a ΛCDM model, see e.g. Tabs. VI and VII. Also here the Hubble constant is almost unconstrained when the CMB data only is considered, due to the negative correlation with w x , see Fig. 6 . For the very same reason, the H 0 tension is reduced within 2.5σ even after including BAO data in the analysis.
The neutrino sector parameters M ν and N eff do not show any strong correlation with the other cosmological parameters, with the exception of w x , that is anticorrelated with the total neutrino mass M ν . The preference for w x < −1 is the reason of the softening of the M ν upper limit. The most stringent bound we find on the sum of the neutrino masses is when adding BAO data to the CMB, i.e. M ν < 0.181 eV at 95% CL. The mean values of the effective number of relativistic degrees of freedom N eff are lower than in a model without interaction ξ(a), even if always highly consistent with its expected value N eff = 3.045.
IDE2q
The results for the IDE2 model in the quintessence regime, Eq. (10), are presented in Tab. VIII and Fig. 7 .
In the IDE2q scenario, the well known anti-correlation present between w x and H 0 , shifts the Hubble constant towards lower values, see Fig. 7 , exacerbating the H 0 tension at more than 4σ with respect to previous models.
Both the interaction parameters ξ 0 and ξ a are constrained by an upper limit for all the dataset combinations and are uncorrelated with the other cosmological parameters, as can be noticed from Fig. 7 . Only an upper limit is present also for the equation of state in the quintessence regime w x > −1, and the S 8 tension with the cosmic shear experiments is restored.
IDE2q + Mν + N eff
The results for the IDE2 model in the quintessence regime with M ν plus N eff as additional parameters are shown in Tab. IX and Fig. 8 . However, for this model IDE2q, the neutrino parameters M ν and N eff are correlated with other cosmological parameters. In particular, we notice an important correlation with the Hubble constant H 0 . This degeneracy is responsible, when the R19 prior is included in the data, i.e. for the combination CMB+R19, of the shift of N eff towards higher values. The value N eff = 3.43 +0.15 −0.16 at 68% CL deviates from the canonical expectation more than 2 standard devia-tions. In this IDE2q scenario we obtain our strongest limit on the M ν , M ν < 0.116 eV at 95% CL, as expected in quintessential non-interacting scenarios [53] . 
SUMMARY AND CONCLUSIONS
In this manuscript we further investigate the presence of a exchange rate Q between dark matter (DM) and dark energy (DE) allowing for a time-dependent coupling [49] . We add new ingredients in the models, such as (i) freely varying neutrino parameters and (ii) a DE with a constant, freely varying equation-ofstate, rather than vacuum dark energy. We restrict ourselves to the natural form of the coupling parameter ξ(a) = ξ 0 + (1 − a)ξ a and consider two interacting models, namely, IDE1 (Q = 3H[ξ 0 + ξ a (1 − a)]ρ x ) and IDE2 (Q = 3H[ξ 0 + ξ a (1 − a)] ρcρx ρc+ρx ). In order to avoid instabilities in the perturbation evolution, we consider the regions (A) w x < −1, ξ 0 < 0, ξ a < 0, and (B) w x > −1, ξ 0 > 0, ξ a > 0, and investigate the interacting scenarios with and without the presence of neutrinos. The scenario with phantom DE equation-of-state (w x < −1) is labeled as IDEp and the scenario where DE has a quintessence-like equation-of-state (w x > −1) is labeled as IDEq. Let us summarize the main observational results that we find for all these scenarios:
• IDE1: We have explored this interaction model for both regimes, namely, w x < − and w x > −1 with and without the presence of neutrinos. We have therefore investigated four different scenarios: IDE1p, IDE1p + M ν + N eff , IDE1q, and IDE1q + M ν + N eff .
We find that for both IDE1p and IDE1p +M ν + N eff , Ω c h 2 is larger than within the ΛCDM cosmology and w x prefers a phantom nature with high significance. The parameter ξ 0 determining the current value of the DM-DE interaction is consistent with a null value, while ξ a prefers a value different from zero (albeit only mildly). We also notice that within these two phantom frameworks, the tension on H 0 is alleviated satisfactorily for all the data combinations considered here (CMB, CMB+BAO and CMB+R19). Concerning the S 8 parameter, its tension is significantly reduced only for the case of CMB data alone. The inclusion of M ν and N eff to IDE1p does not change the constraints on other parameters. The most stringent bound on M ν is obtained for the CMB+BAO case and is M ν < 0.162 eV at 95% CL.
As regards the two remaining two scenarios IDE1q and IDE1q + M ν + N eff , similarly to the phantom case, the inclusion of the neutrinos does not affect the constraints on the remaining cosmological parameters. The tightest bound on M ν appears for CMB+BAO case (M ν < 0.189 eV at 95% CL) which is slightly larger than the one obtained within the ΛCDM framework for the same data combination. Contrarily to the previous two cases, the value of Ω c h 2 is much smaller. The parameter ξ 0 is found to be non-zero for all the cases. However, ξ a is consistent with zero for all the datasets exploited in this work. The H 0 tension is solved for the CMB case (H 0 = 70.2 +4.1 −3.1 km/s/Mpc) and due to the very large error bars on the S 8 parameter, the S 8 tension is mildly alleviated.
• IDE2: Using the very same observational data than for IDE1, we have investigated four scenarios, namely, IDE2p, IDE2p + M ν + N eff , IDE2q, and IDE2q + M ν + N eff .
The scenario IDE2p is very interesting because both the H 0 and S 8 tensions are alleviated for all the data combinations used in this analysis. The dark energy equation of state shows a strong preference for a phantom nature. When neutrinos are considered into this picture (IDE2p +M ν + N eff ) no significant changes are obtained, apart from the large anti-correlation between w x and M ν . The DE equation of state still prefers w x < −1 with high significance. Finally, for both IDE2p and IDE2p + M ν + N eff models we find that ξ 0 and ξ a are consistent with zero, leading to a negligible preference for an interacting scenario.
The scenario IDE2p is quite different from the previous cases. Within this interaction scheme we find that none of the tensions (H 0 , S 8 ) are alleviated. We do not find any evidence for an interaction among the dark sectors, since both the parameters ξ 0 and ξ a , quantifying the interaction, are consistent with zero. An interesting outcome of this scenario is that it provides the most stringent bound on M ν found in this study ( M ν < 0.116 eV at 95% CL), which is obtained for the combination of CMB+R19.
Finally, to conclude, the bounds on the effective number of neutrino species N eff in almost all of the scenarios above are extremely robust and consistent with the standard value of N eff = 3.046 and are, therefore, completely unaffected by the dynamics of the dark sectors.
